1. Introduction. Using the theory of representations of groups we have obtained a number of results for simple groups of certain types of orders. In the present paper, we shall prove the following result: If ® is a (non-cyclic) simple group of order g~pq h g*, where p and q are two primes and where b and g* are positive integers with g* <p -1, then either ®£ÉLF(2, p) 1 with p = 2 m ±l i p>3, or ®^LF(2, 2 m ) with p = 2 m -\-l, p>3; conversely, these groups satisfy the assumptions. As an application, we determine all simple groups of order prq b 1 where p, r t q are primes and where b is a positive integer. The only simple groups of this type are the well known groups of orders 60 and 168.
2. Some known results concerning representations of groups. 1. In this section, some known theorems are given without proof. Most of these results, which are needed in the following, have been obtained in the theory of modular representations of groups. However, all the statements are concerned with the ordinary group characters. If we let f p range over all the k characters of ©, then the orthogonality relations for group characters show that the sum in (2.3) vanishes for any two elements P and Q for which P and Q~l are not conjugate. If P and Qr l are conjugate, the sum does not vanish. 4. If we assume that the prime p divides g to the first power, 4 we can make more definite statements. It will be sufficient to restrict our attention to the first £-block Bi(p). There exists a divisor / of ƒ> -1 such that Bi(p) consists of w = (p -l)/t "non-exceptional" characters fi(G), • • • ,Çv>(G)and/"exceptional"charactersÇw+i(G) t • • *,JVM(G). The latter have all the same degree z w +i. To each of these characters Çi(G), there belongs a certain sign ô»= ±1 such that the following relations hold :
Moreover, for ^-singular elements P of G, we have
w).
There exist elements of order w=*(p -l)/t in ®, hence (2.8) g s 0 (mod w).
5. If ® coincides with its commutator subgroup ®', in particular if ® is simple and non-cyclic, then fi = l is the only character of degree 1. It follows that the number w above must be larger than 1. Indeed, if we had w = l, the equation (2.6) would read 5iSi+5222 = 0, and as Si = 1, Ô2 = ± 1, Z\ = 1, it would follow that the positive number %i must be 1 which is impossible. Thus, in particular, py^ 2.
6. Finally we quote the following results obtained in previous papers which yield characterizations of certain groups LF (2 1 (g*,ç) = l.
The case p~q is impossible on account of Sylow's theorem since the £-Sylow subgroup of a group © of order g ^=p^>+ 1 g* would be normal in ®, if g*<p -l. Hence p^q, and p divides g only to the first power. From (2.6) it follows that in the first £-block Bi(p) we have a degree n 9^ 1 which is prime to q. Then
and hence n <p -1. This shows that n must be the exceptional degree W = 2«H-I (cf. (2.5)), since all the other degrees are congruent to ±1 (mod p) according to (2.4).
If n£(p + l)/2, Theorem A gives ®££LF(2, p), p^3 t and g=p(p + l)(p-l)/2.
Hence (p + l)(p -1) = 2tff.
As p + l and p -1 have the greatest common divisor 2, it follows that one of the two numbers p -1 and p + l is divisible by q b . The other number then divides 2g*. But p±l >g* by (3.2) and we have one of the two cases
P~l-q\ £+l = 2g*;
In either case, q = 2, and this leads to the first alternative of our theorem. 3. We may now assume that
By (2.5), we have nt =• ± 1 (mod p) where t divides p -1. It follows that n^T-(p -l)/t (mod p), and (3.5) gives
From (2.8), it follows that we may set
where ]8^6 is a non-negative integer. Combining (3.6) and (3.7), we obtain (3.9) n=>p-qfih t which implies (n, h)~l. Now (3.4) and (3.8) give (3.10) nh\g*.
The relations (3.6) and (3.7) also yield
11) l + n« 2 + qPh(t-1).
If j8«0, then (3.9) gives p^n+h.
On the other hand, (3.10) and (3.2) show that nh£*g*<p -l. Hence nh<n+h, and then at least one of the two positive integers n, h must be 1. But we have n 9^ 1, and therefore h must be equal to 1. However, this would lead to n ~p -1, which contradicts (3.5). Thus, (3.12) /3>0.
5. From (3.6), it follows that w/sl (mod p). Since n = 2Vj-i, we have S", + i = l in (2.5). The relation (2.6) then has the form (3.13)
where the missing terms are the non-exceptional degrees greater than 1 of the first £-block Bi(p). If #5^2, then (3.11) shows that at least one of these degrees must be prime to g, and hence a divisor of g* <p -1. But the only degree m with 1 <Tn<p -l is the exceptional degree (cf. (2.4) ). This is a contradiction; we must have (3.14) q =2.
6. Assume next that j85> 2. Then (3.11) shows that 1+^ = 2 (mod 4), and at least one of the missing degrees in (3.13) is not divisible by 4. This degree then has the form m-p, or W=2JU with fi\g*. Hence m S 2g* <2 (p~-l) . On the other hand, we have m s= ± 1 (mod p) on account of (2.4). Asm^l, the only possibilities are m=p±l.
The number g* is a multiple of m/2, and from (3.2) it now follows that g* = (p ± l)/2. But then the divisor n of g* is at most (p ± l)/2 which contradicts (3.5).
Hence the only possible case is the case /3 = 1. 7. For g = 2, j8 = l, the equation (3.9) reads (3.15) n = p -2*.
The number g* now is odd and so are its divisors n and h. Combining (3.10), (3.2) and (3.15), we find (3.16) nh g g* < p -1 < n + 2h. 
which is impossible as n is odd and n^ 1. This proves that h = 1. Now (3.15) reads n=p -2. The multiple g* of w then must be p -2; we have
From (3.6), it follows that w = (£ -1)// = 2.
In the equation (2.6) only three terms appear. The first two terms are 1 and n=p--2. The missing term therefore is -• (p • -1) and (2.6) reads
As the degree of an irreducible character, the number £ -1 is a divisor of g. Then (3.18) shows that p -1 is a power of 2, say 8. In order to finish the proof, we need three lemmas which we state here in a more general form than actually needed for our present purpose. The proof of these lemmas will be given in the next section. 9. Assuming these lemmas, we conclude the proof of Theorem 1 as follows :
LEMMA 1. Let © be a group which is identical with its commutator subgroup ©', and assume that the first p-block Bi(p) contains an irreducible 1-1 representation S of degree z<2p. Then the order of the centralizer S( < iP) of a p-Sylow subgroup ^ of & is a power of p.

LEMMA 2. If a group © with center 1 has an irreducible 1-1 representation S °f degree z~p r (p a prime) and if the center S of the p-Sylow subgroup ^ of & has the order p*, then S belongs to a p-block
Lemma 1 shows that under the assumptions of the theorem, © does not contain any element of order 2p. From Lemma 2, it follows that the degree p -1 =2° in (3.19) belongs to a 2-block J3 T (2) which is not of the lowest kind. Now apply Lemma 3 to the first £-block B\(p) and the 2-block J3 r (2). The only character in common to these two blocks is the character X of degree p -1 in (3.19), since the other degrees occurring in B\(p) are the odd numbers 1 and p -2 which therefore cannot occur in B T (2) . Now the statement of Lemma 3 gives
for any ^-singular element P of ©. But (2.7) and (2.4) give ?(P) = -1, and hence p -1 ==0 (mod 2 5 ). Combining this with (3.20) and (3.18) we find
Now Theorem B can be applied with r = (p -1 ) /2 and m = (p -3) /2. We have either ®ÊË£P(2, p-1) with £ = 2»+l>3 or ®^Z,P(2, p). 
(G)ï(G)/z m h{G) (mod p).
For all elements G of the centralizer E(1)3) of a £-Sylow subgroup ^J, the number h(G) is prime to p and can therefore be cancelled in (4.1) and we have then Adding (4.6) and (4.5) for all elements GT&I of Ê, we obtain (4.7) Zfo(G) s so (mod pj«), 7 It follows from the orthogonality relations for group characters and (4.2) that f (G) contains every irreducible character of 35 with a multiplicity divisible by p with the exception of the 1-character only. In the case of the 1-character, the multiplicity is congruent to z (mod p).
8 Burnside, p. 322, Theorem I. where the sum extends over all elements G of (£. The expression on the left side is divisible by the order p 8 of S (cf. (2.1)). Since s 0^0 (mod p a+l ), the congruence (4.7) shows that s^a t and this proves the main assertion of Lemma 2. It is then clear that r^s. If 5 = 0, then g would be prime 9 to p and hence r = 0, 2 = 1. But then © would be Abelian and would not have the center 1, except for @ = 1.
COROLLARY. 
Zw,(ö)-5>.E£.(G.)r,(e).
The expression on the left side vanishes on account of (4.9). The orthogonality relations for the group characters show that the inner sum on the right side is different from 0 only for that element G K which is conjugate to Q~x. Hence a K~0 when G K is conjugate to Q~l. Now since Q~l as well as Q may be any ^-regular element, it follows that a K = 0 when G K is ^-regular. It will consequently suffice to let G K in (4.10) range over all p -singular elements.
Take Q now as a g-singular element of ©. Since © does not contain elements of order pq, the element Q must be ^-regular, and can therefore be used in (4.9). Applying (2.3) to the g-block B T (q) of ©, we have for any g-regular element G K the equation where f p ranges over all characters of B T iq). In particular, this will hold for ^-singular elements G K , that is for all G K actually appearing in (4.10). Multiplication of (4.11) with a K and subsequent addition over all ^-singular G K gives E I>«fp(G«)fp«2) = 0.
* p
On account of (4.10) this may be written in the form 
